A reduction theorem for supremum operators  by Gogatishvili, Amiran & Pick, Luboš
Journal of Computational and Applied Mathematics 208 (2007) 270–279
www.elsevier.com/locate/cam
A reduction theorem for supremum operators
Amiran Gogatishvilia,∗, Luboš Pickb
aMathematical Institute, Czech Academy of Sciences, Žitná 25, 115 67 Praha 1, Czech Republic
bDepartment of Mathematical Analysis, Faculty of Mathematics and Physics, Charles University, Sokolovská 83, 186 75 Praha 8, Czech Republic
Received 2 February 2006
Abstract
We show that the two-weight Hardy inequality restricted to nonincreasing functions, namely(∫ ∞
0
(∫ t
0
f ∗(s) ds
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
,
where 0<p1 and 0<q <∞, is equivalent to slightly different inequalities. Consequently, we can reduce this inequality to a pair
of unrestricted inequalities (a reduction theorem). As an application, we prove an analogous assertion for a three-weight inequality
involving a supremum operator, namely(∫ ∞
0
(
sup
t  s<∞
u(s)f ∗∗(s)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
,
in which the weight u is assumed to be continuous on (0,∞). This result in turn enables us to establish necessary and sufﬁcient
conditions on the weights (u, v,w) for which this inequality holds.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
One form of the well-known and deeply studied two-weight Hardy inequality states that under certain conditions on
the pair of nonnegative measurable and a.e. ﬁnite functions (weights) (v,w) on (0,∞), the inequality(∫ ∞
0
(∫ t
0
h(s) ds
)q
w(t) dt
)1/q

(∫ ∞
0
h(t)pv(t) dt
)1/p
(1.1)
holds for every nonnegative measurable function h, where 0<p, q <∞.
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Here, and throughout the paper, wewriteAB whenACB with some positive constant C independent of functions
involved in A and B. When AB and BA, we write A ≈ B. Everywhere in the text, u, v,w are weights on (0,∞),
and we denote
V (t) :=
∫ t
0
v(s) ds, W(t) :=
∫ t
0
w(s) ds.
The importance of (1.1) inmany parts ofmathematics is widely known and the pairs of weights for which it holds have
been completely characterized for all positive values of parameters p and q. However, for certain speciﬁc applications
it is of interest to investigate inequality (1.1) restricted to the cone of nonnegative nonincreasing functions. While the
ﬁrst steps in this direction were taken by Boyd in late 1960s, the real boom of this topic began not earlier than in the
early 1990s. The av alanche was started by the celebrated 1990 paper of Ariño and Muckenhoupt [1], who discovered
that, in order to describe mapping properties of the Hardy–Littlewood maximal operator on the classical Lorentz space
p(w), 1p<∞, of measurable complex-valued functions deﬁned on certain Borel -ﬁnite measure space (R, )
satisfying
‖f ‖p(w) :=
(∫ ∞
0
f ∗(t)pw(t) dt
)1/p
<∞,
one has to characterize the weights w for which the inequality
(∫ ∞
0
(
1
t
∫ t
0
f ∗(s) ds
)p
w(t) dt
)1/p

(∫ ∞
0
f ∗(t)pw(t) dt
)1/p
holds, where f ∗ is the so-called nonincreasing rearrangement of the function f, deﬁned on (0,∞) by
f ∗(t) = inf{s > 0; ({x ∈ R; |f (x)|>s}) t}, t ∈ [0,∞).
Soon, other important applications were found, and the restricted inequalities were studied in a more general setting,
in particular for two possibly different parameters p, q, and two weights:
(∫ ∞
0
(∫ t
0
f ∗(s) ds
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
. (1.2)
In general, restricted inequalities of type (1.2) hold for a larger class of weights than their unrestricted counterparts
such as (1.1) (see [1]), but, on the other hand, their characterization is usually more difﬁcult. For this reason, since
1990, a considerable effort has been spent by many authors in order to ﬁnd methods that would enable one to reduce
a given restricted inequality to a (possibly different) unrestricted one (or ones), whose characterization is presumably
known. We call such results reduction theorems.
The ﬁrst genuine reduction theorem was obtained by Sawyer [13], who proved, among other results, that
sup
f
∫∞
0 f
∗(t)g(t) dt
(
∫∞
0 f
∗(t)pv(t) dt)1/p
≈
(∫ ∞
0
(∫ t
0
g(s) ds
)p′
v(t)
V p
′
(t)
dt
)1/p′
+
∫∞
0 g(t) dt
(
∫∞
0 v(t) dt)
1/p ,
where 1<p<∞. Then, the above Sawyer’s “restricted duality principle” implies a reduction theorem as a corollary:
(1.2) is equivalent to
(∫ ∞
0
(∫ t
0
sh(s) ds + t
∫ ∞
t
h(s) ds
)p′
v(t)
V (t)p
′ dt
)1/p′

(∫ ∞
0
h(t)q
′
w(t)1−q ′ dt
)1/q ′
for every h0 (here p′ = p/(p − 1)). Sawyer’s method requires 1<p, q <∞. This estimate can be rewritten as
(∫ ∞
0
(∫ ∞
0
st
s + t h(s) ds
)p′
v(t)
V (t)p
′ dt
)1/p′

(∫ ∞
0
h(t)q
′
w(t)1−q ′ dt
)1/q ′
.
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Since the operator on the left is obviously self-adjoint, there is also a dual version of this estimate:
(∫ ∞
0
(∫ ∞
0
st
s + t h(s) ds
)q
w(t) dt
)1/q

(∫ ∞
0
h(t)pV (t)pv(t)1−p dt
)1/p
.
Stepanov [15] applied a different approach to this last estimate which enabled him to extend the range of parameters
to 0<q <∞, 1<p<∞. He also proved that, in the case 0<p< 1, the appropriate analogue of the Sawyer’s duality
principle reads
sup
f
∫∞
0 f
∗(t)g(t) dt
(
∫∞
0 f
∗(t)pv(t) dt)1/p
≈ sup
0<t<∞
∫ t
0 g(s) ds
(
∫ t
0 v(s) ds)
1/p .
Again, from this, a corresponding reduction theorem immediately follows: for 0<p< 1<q <∞, (1.2) is equivalent
to
sup
0<t<∞
(∫ t
0
sh(s) ds + t
∫ ∞
t
h(s) ds
)
V (t)−1/p′
(∫ ∞
0
h(t)q
′
w(t)1−q ′ dt
)1/q ′
.
However, the above-mentioned Stepanov’s method could not be used to the last estimate and, as far as we know, no
such result is known for the case when 0<q <∞, 0<p< 1. Many related results were obtained by several authors.
We refer the reader, for example, to [8–10,3–5] and the references therein. A reasonably detailed exposition of the
history of the problem can be found in [5].
Although integral operators play a primary role, there are other operators that are also of interest. For example, certain
speciﬁc problems such as the description of the behaviour of the fractional maximal operator on classical Lorentz spaces
[6] or the optimal pairing problem for Sobolev imbeddings [11] or various questions arising in the interpolation theory
can be handled in an elegant way with the help of the supremum operator
(Rug)(t) := sup
t s<∞
g(s)u(s),
where u is another (third) weight, or the operator
(Tug)(t) := sup
t s<∞
u(s)
s
∫ s
0
g(y) dy,
which combines both the operations (integration and taking the supremum). In the above-mentioned applications, it
is required to characterize a restricted weighted inequality for Tu. This amounts to ﬁnding a necessary and sufﬁcient
condition on a triple of weights (u, v,w) such that the inequality
(∫ ∞
0
(
sup
t s<∞
u(s)f ∗∗(s)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
(1.3)
holds, where
f ∗∗(t) := 1
t
∫ t
0
f ∗(s) ds.
Particular examples of such inequalities were studied in [6] and, in a more systematic way, in [7].
In this paper, we concentrate on inequality (1.3) in the case when 0<p1. Our approach is based on a new type
of a reduction theorem which shows a somewhat surprising connection between three types of restricted weighted
inequalities. We start with proving such theorem for Hardy operators (Section 2), and then, as an application, also for
supremum operators (Section 3). As a corollary, we will obtain, in both cases, a characterization of (1.3) for 0<p1
and 0<q <∞.
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2. A reduction theorem for the Hardy operator
We start with a simple observation. If 0<p1 and t ∈ (0,∞), then
sup
0<s t
sf ∗(s)
∫ t
0
f ∗(s) ds
(∫ t
0
sp−1f ∗(s)p ds
)1/p
. (2.1)
Since f ∗ is nonincreasing, the ﬁrst inequality in (2.1) is obvious. The second one is also quite elementary; moreover, it
is well known (a simple proof is available in [12], a more general result can be found in [5, Theorem 3.2], cf. also [14]).
Our ﬁrst result shows that for all the three operators mentioned in (2.1), the corresponding weighted inequalities are
equivalent. It is worth noticing that this is not so when p> 1.
Theorem 2.1. Assume that 0<p1, 0<q <∞, and let v,w be weights on (0,∞). Then the following three state-
ments are equivalent:
(i)
(∫ ∞
0
(∫ t
0
f ∗(s) ds
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
;
(ii)
(∫ ∞
0
(∫ t
0
sp−1f ∗(s)p ds
)q/p
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
;
(iii)
(∫ ∞
0
(
sup
0<s t
sf ∗(s)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
.
Proof. In view of (2.1), we immediately see that (ii)⇒(i)⇒(iii). It therefore sufﬁces to show that (iii) implies (ii).
Assume, thus, that (iii) holds. Writing f ∗(t)p = ∫∞
t
h(s) ds, h0 on (0,∞), and using the Fubini theorem, we
obtain⎛
⎝∫ ∞
0
(
sup
0<s t
sp
∫ ∞
s
h(y) dy
)q/p
w(t) dt
⎞
⎠
p/q

∫ ∞
0
h(t)V (t) dt (2.2)
for every h0. By several consecutive changes of variables, this inequality is equivalent to
⎛
⎝∫ ∞
0
(
sup
t s<∞
s−p
∫ s
0
h(y) dy
)q/p
w
(
1
t
)
t−2 dt
⎞
⎠
p/q

∫ ∞
0
h(t)V
(
1
t
)
dt
for every h0. By [7, Theorems 4.1 and 4.4], this is true if and only if either pq,
sup
0<t<∞
t (
∫∞
t
w(s) ds)1/q
V (t)1/p
<∞ (2.3)
and
sup
0<t<∞
(
∫ t
0 s
qw(s) ds)1/q
V (t)1/p
<∞, (2.4)
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or p>q,
(∫ ∞
0
(∫ t
0
sqw(s) ds
)q/(p−q)
tqw(t)
V (t)q/(p−q)
dt
)(p−q)/q
<∞ (2.5)
and ⎛
⎝∫ ∞
0
(∫ ∞
t
w(s) ds
)q/(p−q)(
sup
0<s t
sp
V (s)
)q/(p−q)
w(t) dt
⎞
⎠
(p−p)/q
<∞ (2.6)
hold. Now, Note that, interchanging suprema, one has (2.3) equivalent to
sup
0<t<∞
(∫ ∞
t
w(s) ds
)1/q
ess sup
0<s t
s
V (s)
1
p
<∞.
Hence, the conditions (2.3) and (2.5) imply
(∫ ∞
0
(
tp
∫ ∞
t
h(s) ds
)q/p
w(t) dt
)p/q

∫ ∞
0
h(t)V (t) dt (2.7)
while (2.4) and (2.6) imply
(∫ ∞
0
(∫ t
0
sph(s) ds
)q/p
w(t) dt
)p/q

∫ ∞
0
h(t)V (t) dt (2.8)
for every h0; this follows, e.g., from [2] when pq and from [14, Theorem 3.3] when p>q. Now, using the Fubini
theorem, we see that (2.7) and (2.8) imply (ii) for every function f ∗ that can be represented as f ∗(t)p = ∫∞
t
h(s) ds,
where h  0 on (0,∞). For a general function f we note that, since f ∗ is nonincreasing if and only if (f ∗)p is
nonincreasing, there exists a sequence of functions hn0 on (0,∞) such that the functions Hn(t) =
∫∞
t
hn(s) ds
satisfy Hn ↗ (f ∗)p. The assertion then follows from the Fatou lemma. 
Remark 2.2. The proof of Theorem 2.1 is in fact contained in [3, proof of Theorem 3.1] but the theorem is not explicitly
stated there.
We can now formulate our ﬁrst reduction theorem.
Corollary 2.3. Assume that 0<p1, 0<q <∞, and let v,w be weights on (0,∞). Then
(i) of Theorem 2.1 ⇔ (2.2) ⇔ (2.7) and (2.8).
Remark 2.4. Note that using the pointwise estimate
sup
0<s t
sp
∫ ∞
s
h(y) dy ≈ sup
0<s t
sp
∫ t
s
h(y) dy + tp
∫ ∞
t
h(y) dy

∫ t
0
sph(s) ds + tp
∫ ∞
t
h(y) dy,
we immediately obtain the implications
(2.7) and (2.8) ⇒ (2.2) ⇒ (2.7).
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However, a corresponding pointwise estimate in the converse direction is not true, because the inequality
sup
0<s t
sp
∫ ∞
s
h(y) dy
∫ t
0
sph(s) ds
does not hold (take, e.g., h(s) := s−p−1). Therefore, the implication (2.2)⇒ (2.8) is nontrivial and of interest.
We will ﬁnish this section by applying the reduction theorem (Corollary 2.3) to the characterization of (1.2).
Corollary 2.5. Assume that 0<p1, 0<q <∞, and let v,w be weights on (0,∞). Then the inequality(∫ ∞
0
(∫ t
0
f ∗(s) ds
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
holds for every measurable f if and only if either pq, (2.3) and (2.4) hold, or p>q, (2.5) and (2.6) hold.
3. A reduction theorem for the supremum operator
Our next aim is to prove a reduction theorem in the spirit of Theorem 2.1 for the supremum operator
(Tuf
∗)(t) := sup
t s<∞
u(s)f ∗∗(s).
We ﬁrst note that, by a standard argument using the monotonicity of
∫ t
0 f
∗
, we get
sup
t s<∞
u(s)f ∗∗(s) = sup
t s<∞
u(s)
s
∫ s
0
f ∗(y) dy = sup
t s<∞
u(s)
s
∫ s
0
f ∗(y) dy,
where
u(s) := s sup
sy<∞
u(y)
y
.
As a consequence, we can safely assume that u(s)/s is nonincreasing on (0,∞), since otherwise we would just replace
u by u.
Theorem 3.1. Assume that 0<p1, 0<q <∞, and let u, v,w be weights on (0,∞). Assume further that u is such
that u(s)/s is nonincreasing on (0,∞). Then the following three statements are equivalent:
(i) (∫ ∞
0
(
sup
t s<∞
u(s)f ∗∗(s)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
;
(ii) ⎛
⎝∫ ∞
0
(
sup
t s<∞
u(s)p
sp
∫ s
0
yp−1f ∗(y)p dy
)q/p
w(t) dt
⎞
⎠
1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
;
(iii) (∫ ∞
0
(
sup
t s<∞
u(s)
s
sup
0<y s
yf ∗(y)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
.
Proof. Again, in view of (2.1), the implications (ii)⇒(i)⇒(iii) are obvious, and it just remains to show that (iii)
implies (ii).
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Suppose, thus, that (iii) holds. Since u(s)/s is nonincreasing, we have
sup
t s<∞
u(s)
s
sup
0<y s
yf ∗(y) = max
{
sup
t s<∞
u(s)
s
sup
0<y t
yf ∗(y); sup
t s<∞
u(s)
s
sup
ty s
yf ∗(y)
}
= max
{
u(t)
t
sup
0<y t
yf ∗(y); sup
ty<∞
yf ∗(y) sup
y s<∞
u(s)
s
}
= max
{
u(t)
t
sup
0<y t
yf ∗(y); sup
ty<∞
u(y)f ∗(y)
}
.
Hence, (iii) breaks down into the following two inequalities:(∫ ∞
0
(
sup
0<y t
yf ∗(y)
)q
w(t)u(t)q
tq
dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
(3.1)
and (∫ ∞
0
(
sup
ty<∞
u(y)f ∗(y)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
. (3.2)
Now, by Theorem 2.1, (3.1) is equivalent to(∫ ∞
0
(∫ t
0
sp−1f ∗(s)p ds
)q/p
w(t)u(t)q
tq
dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
. (3.3)
Suppose that f ∗(t)p = ∫∞
t
h(s) ds. Then, (3.3) and the Fubini theorem yield(∫ ∞
0
(∫ t
0
sp−1
∫ ∞
s
h(y) dy ds
)q/p
w(t)u(t)q
tq
dt
)1/q

(∫ ∞
0
h(t)V (t) dt
)1/p
.
Replacing
∫∞
s
h(y) dy by
∫ t
s
h(y) dy and using the Fubini theorem, this implies(∫ ∞
0
(∫ t
0
sph(s) ds
)q/p
w(t)u(t)q
tq
dt
)p/q

∫ ∞
0
h(t)V (t) dt . (3.4)
Now, every function f ∗(t)p in (ii) can be written in the form
f ∗(t)p = g∗(t) + c0,
where limt→∞g∗(t) = 0 and c00 is a constant. For every such g, there exists a sequence hn0 such that Hn(t) :=∫∞
t
hn(s) ds satisfy Hn ↗ g∗. It thus follows from the Fatou lemma that, in order to establish (ii), it sufﬁces to prove(∫ ∞
0
(
sup
t s<∞
u(s)
s
(∫ s
0
yp−1
∫ ∞
y
h() d dy
)1/p)q
w(t) dt
)p/q

∫ ∞
0
h(t)V (t) dt
for every h0, and(∫ ∞
0
(
sup
t s<∞
u(s)
)q
w(t) dt
)1/q

(∫ ∞
0
v(t) dt
)1/p
.
By plugging f ∗(t) ≡ 1 into (iii), we see that the latter estimate is automatically true, whence it just remains to show
the former one. By the Fubini theorem, this estimate breaks into(∫ ∞
0
(
sup
t s<∞
u(s)
s
(∫ s
0
yph(y) dy
)1/p)q
w(t) dt
)p/q

∫ ∞
0
h(t)V (t) dt (3.5)
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and (∫ ∞
0
(
sup
t s<∞
u(s)
(∫ ∞
s
h(y) dy
)1/p)q
w(t) dt
)p/q

∫ ∞
0
h(t)V (t) dt (3.6)
for every h0. But, (3.6) is an immediate consequence of (3.2) (this follows on putting f ∗(t)p = ∫∞
t
h(s) ds). We
will thus be done if we can show that (3.6) together with (3.4) implies (3.5).
We ﬁrst rewrite (3.5) as⎛
⎝∫ ∞
0
(
sup
t s<∞
u(s)p
sp
∫ s
0
h(y) dy
)q/p
w(t) dt
⎞
⎠
p/q

∫ ∞
0
h(t)
V (t)
tp
dt . (3.7)
Now, by an obvious estimate
sup
t s<∞
u(s)p
sp
∫ s
0
h(y) dy u(t)
p
tp
∫ t
0
h(s) ds +
∫ ∞
t
u(s)p
sp
h(s) ds,
we see that (3.7) will follow if we prove
(∫ ∞
0
(
u(t)p
tp
∫ t
0
h(s) ds
)q/p
w(t) dt
)p/q

∫ ∞
0
h(t)
V (t)
tp
dt (3.8)
and (∫ ∞
0
(∫ ∞
t
u(s)p
sp
h(s) ds
)q/p
w(t) dt
)p/q

∫ ∞
0
h(t)
V (t)
tp
dt . (3.9)
But, (3.8) is exactly (3.4) in disguise. We will be thus ﬁnished once we show that (3.6) implies (3.9).
First, we observe that, by the monotonicity of u(s)/s, (3.6) implies
⎛
⎝∫ ∞
0
(
sup
t s<∞
sp
∫ ∞
s
u(y)p
yp
h(y) dy
)q/p
w(t) dt
⎞
⎠
p/q

∫ ∞
0
h(t)V (t) dt . (3.10)
Now, by [7, Theorems 3.2 and 3.4] (note that the function sp is nondecreasing) we obtain that (3.10) holds if and only
if either pq and
sup
0<t<∞
u(t)W(t)1/q
V (t)1/p
<∞, (3.11)
or p>q and
∫ ∞
0
(∫ t
0
w(s) ds
)q/(p−q)(
sup
t s<∞
u(s)p
V (s)
)q/(p−q)
w(t) dt <∞. (3.12)
By classical results on Hardy inequality ([2] for pq and [14] for p>q), this is equivalent to (3.9). 
Now we are in a position to state the corresponding reduction theorem.
Corollary 3.2. Assume that 0<p1, 0<q <∞, and let u, v,w be weights on (0,∞). Assume further that u is such
that u(s)/s is nonincreasing on (0,∞). Then each of the inequalities (i), (ii), or (iii) in Theorem 3.1 is equivalent to
the two inequalities (3.4) and (3.6).
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Again, Corollary 3.2 will enable us to characterize (i) in Theorem 3.1 as long as we can ﬁnd necessary and sufﬁcient
conditions for (3.4) and (3.6). First, (3.4) is equivalent to
sup
0<t<∞
(∫ ∞
t
u(s)q
sq
w(s) ds
)1/q
ess sup
0<s t
s
V (s)1/p
<∞ (3.13)
when pq [2], and to
∫ ∞
0
(∫ ∞
t
u(s)q
sq
w(s) ds
)q/(p−q)
u(t)q
tq
(
ess sup
0<s t
sp
V (s)
)q/(p−q)
w(t) dt <∞ (3.14)
when p>q [14]. Next, by [7, Theorem 3.2], (3.6) holds if and only if
sup
0<t<∞
(
∫ t
0 w(s)supsy t u(y)
q ds)1/q
V (t)1/p
<∞ (3.15)
when pq, and
sup
{xk}
∑
k
⎛
⎝∫ xk+1
xk
(
sup
tyxk+1
u(y)p
)q/p
w(t) dt
⎞
⎠
p/(p−q)
V (xk+1)−p/(p−q) <∞ (3.16)
when p>q, where the supremum is extended over all possibly double inﬁnite sequences {xk}k∈Z such that (0,∞) =⋃
k∈Z[xk, xk+1).
Remark 3.3. Unfortunately, in practical examples, it is essentially impossible to verify condition (3.16). However, in
the problems that lead to the inequality (i) of Theorem 3.1 it often happens that the weight u is nondecreasing (typically,
for example, u(t)= t1−p). Luckily, if that is the case, then, by [7, Theorem 3.4], the dicretized condition (3.16) can be
replaced by the integral one, namely
∫ ∞
0
W(t)q/(p−q)
(
sup
t s<∞
s1−pu(s)p
(∫ s
0
V (y)
yp
dy
)−1)q/(p−q)
w(y) dt <∞ (3.17)
whose veriﬁcation is easy.
Summarizing the results, we have the following characterization of (i) in Theorem 3.1.
Corollary 3.4. Assume that 0<p1, 0<q <∞, and let u, v,w be weights on (0,∞). Assume further that u is such
that u(s)/s is nonincreasing on (0,∞). Then the inequality(∫ ∞
0
(
sup
t s<∞
u(s)f ∗∗(s)
)q
w(t) dt
)1/q

(∫ ∞
0
f ∗(t)pv(t) dt
)1/p
holds for every measurable f if and only if either pq and conditions (3.13) and (3.15) hold, or q >p and conditions
(3.14) and (3.16) hold. When u is nondecreasing, we can replace (3.16) by (3.17).
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